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Abstract

In this paper, the concepts of combination number, factorial and Euler func-
tion are generalized, and the concepts of generalized combination number,
generalized Euler function and m factorial of n are proposed. Several typical
Identities and congruence of generalized combination number are proved,
and the calculation formulas of generalized Euler function are derived. Using
the m factorial of n, the congruence formula of the modular prime of the
original factorial is generalized.
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1. Description and Introduction

1.1. Description

The following defined symbols will be used in this article:

n
1) [k] : Common combination number.

2) n!l: nfactorial.
3) (o(n) : Euler’s function.

n
4) (k] : Generalized combination number.

5) (n !)m : m factorial of n (generalized factorial).

6) @, (n): generalized Euler function is of fundamental.
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1.2. Introduction

Combinatorial numbers Importance in number theory [1], in the paper, we gen-
eralize combinatorial number, Factorial and Euler functions, and prove the
identities and congruence of several Typical generalized combinatorial numbers;

by using m factorial of 1, we generalize the conclusion of

[p_—lqz _ {—1(”100' p) p=1(mod4)

2 ) |1(mod p)p=-1(mod4)

pisaodd prime.

Generalized factorials and generalized Euler functions are also used in the
derivation of properties and congruence of generalized combinatorial numbers.

In this paper, a conjecture related to generalize combinatorial number is pre-

sented.

2. Definition

n
1) Generalization of combinational number: [kj

m

n
Let n,mkeZ",then (kj =
j=1
(j.m)=1

Example: ! = (_5)(_3)(_1)X1X3X5X7 = —i
13),,

Ix3x5x7x9x13 39
11
_ 7x8x11 1
7 15 1x2x4x7

12 _6><7><8><9><10><11><12_792 18 _13x17 221
7). 1x2x3x4x5x6x7 "\6), 5x1 5

>

2) m factorial of z: (n!)

n

If n>0,m>0,then (n!) = []i.
(it
Appoint: (0!) =1.
Example: (13!)21 =1x2x4x5x8x10x11x13=457600,
(9!)15 =1x2x4x7x8=448.

(4!)l =1x2x3x4=24.

3) n20, meZ", ¢,(n) is the number of numbers that are not greater
than 7 and are coprime with m. Appoint: ¢, (0)=0.
Example: ¢y, (11)=6, ,,(8)=5, 0, (35)=24, g (12)=11.

3. Properties of Generalized Combination Numbers

n n
1) n,k e N, then: = .
k) Kk
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Proof. According to the generalized combination number definition.

|
2) n>k >0, then (:j = (n.)m

(k1) ((n=k)1),

Proof. According to the definition of generalized combination number and m

factorial of n.

_1y 0 K—n—1)1
3) When: 0<n<k, then: (nj =( ) (n)m(( n ))m

K (k),

Proof. According to the definition of generalized combination number and m

factorial of n

N (), ()(-(k-n-1) (" ), ((k-n-1)),

) -

(k), ) (k1),

4) Let n>k >0, then

Proof. by nature 3.2
@m ﬁ [n?kjm ) ((E>; (k),

n n
therefore: = .
k 0 n-k o

51If n>1, k>1, (nk,m)=1, then

.7,

Proof. When n >k >1, by nature 3.2

[Um ﬁ (::ﬂm ) ((kS) (1();)Tk>!)m |

Because: (nk, m) =1, therefore

ta) (<kf§) <l()r?fk>!)m il

When n=k, [nj :E(n_lj =1.
n), n n—lm

When: 1<n<k, by nature 3.3
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(n_ml] L (o) (On-),

k-1

n n-1
Because: (nk,m)=1, therefore _n .
k) “klk-1)

6)If n>r>0, k>r>0,then

HRURBEME

Proof. When n>k >r >0, by nature 3.2
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A )

( n ] ~ (n1), ek
k+1 ((k+1)!)m((n—(k+1))l)m n—k

n+1 ((n+1)1)

(kﬂjm:((k+1)!)m((n—k)!)m .because: (k+1,m)=1, (n—k,m)=1,
(n+Lm)=1

(), (). o

n n n+1
therefore: + = .

8)Let 1<k<n, =1, n k+1m) 1, then

A

(). - <<k-1>!>f?<’1”"—k+1>!>m [i).- (k!)ir(]r?fk)!)m |

Because (k,m)=1, (n—k+1,m)=1, therefore

Proof. By nature 3.2

(Ejm : n—l;+1 (k). E?r:)ik)!)m : n—kk 1

G, o,

4. Congruence of Generalized Combination Numbers

_1 ¢m(k)’l

DIf m>k>1, (mk)=1, then (km] z%(modm);
_1 (ﬂm(k’mfl)

If k>m>1, (mk)=1, then [kmj s%(modm);

Proof. When m >k >1, by nature 3 2

[mj _(k') (m1)_ (- 1)“’m ((k 1)

= ™ (modm), because

K (kD) (m=K)), kx((k-1)1)
m _\om(k)-L
(((k_l)!)m,m):l,therefore (k] E%(modm).

When k >m>1, by nature 3.3
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(m] (=™ (m), (k-m-2)),
" (kY),,
—q) ) (my —-m-1)!
_(Y) (m?),, ((k 1))m(modm)

kx(mUmx«k—m—iﬂ%

Because ((m!)m X ((k -m-1) !)m , m) =1, therefore

HRE=

-1
2)If m>1, (k,m)zl,then {mk J

(m _1J _ (_1)¢m(k)+1 (modm).

m-k "

(—1)“’m(k) (modm),

Proof. (k!)m(mk_lj =‘mil i= ] jE(_1)¢m(k)(k!)m(modm)

m-1
_ _1 ¢m(k))
),

(-1 (mod m).

m

(k). Kmk‘ljm_(_l)‘ﬂm“ } because (m,(k1), ) =1.m

m-1
therefore ( " ]

— (m—lj
31m1ary
m-—k

(=) (modm).

k
3)If m>1 isaeven number, (k,m):l,then (m J zl(modm).

Proof. When m =2, according to the generalized combination number defi-

k k
nition, kis a odd number, therefore (m j = (1) =k=1(mod?2).
- m 2

If m>2 isaeven number, K<m-1,

( K ) ()M (K, (m-k-2)1),
m-1 (),
=< DD (k2

T (mk-2)), (K,

therefore: ( k ] =1(modm).
m-1)

When m>2 isaeven number, k>m-1, by nature 3.2
NN
((m—l)-)m (m_Jm - ((k—(m—l ),)
_ (m 1)'m< (k- )
((k=(m- )))
=((m-1)), (modm).
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k
Because (((m —1)!)m ,m) =1, therefore [m _Jm =1(modm).

m-1 m_]_

4) m>1, then Z( ) j =0(modm).
k=1 m
(k,m):l

Proof. by congruence 4.2

m-1 k
5) m>1 isaeven number, then (m j =@, (m)=¢p(m)(modm).

k=1 -1
(k,m)=1
Proof. By congruence 4.3.
m-1
6) If m>1 isaodd number, then [TJ = 2(mod m).
m-1
m

Proof.

()™ (m-1)1), x2

= d
(=) (modm)
Because (((m—l)!)m,m)zl, (p(m) is a even, —(m—1)zl(modm)
m-1
therefore 2 = 2(mod m).
m-1

m

5. The Method of Calculating the Value of the Generalized
Euler Function

Let m=pp,?---p/", n>1,then

N L3o) ELN BT

m

“m m r
Proof. Because ¢(m)=m-)» —+ — (-1 [2].
( ) épi 1s§£r pipj ( ) pl"'pr
Ll n n r n
therefore: ¢, (nN)=n-) |— |+ — = () | —.
( ) ;{pi} 1S;Sf|:pipj:| ( ) |:p1p2“'pr:|

6. Lemma

Lemma: Let m>0, al,az,n-,a(p( is all the numbers in m that are coprime

m)

—1(modm),m=2,4, p*,2p”
1(modm),m# 2,4, p*,2p”

with m, then aa,---a . Among: p is a odd

o(m)
prime [3].

7. A Theorem for Generalized Factorials

Theorem:
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1) pisa odd prime, p=1(mod4), m=p", then

(5% <t

2) pisaodd prime, p=1(mod4), m=p", m>1 isaodd then

[(mT_l!jm jz =1(modm).

m—l I:m+1
. L
3) m>1 isaodd,then | m-1| = E(—l) 2 (modm).

2 H j
{j.m)=1
Proof. When m>1.
((m_l)!)m:1X2X"'X(m2_1jx(m—1)(m—2)x...x(m—mT_lj
—1x2x X[mz—ljx(_l)(_g)x...x(_mT—lj

Instant: ((m —1)!)m = (—1)@ [(mT_lljm jz (modm). (1)

is a even; When p=-1(mod4),

. . o(m)
——~ isaodd. When m= p" isa odd, 5

~1(modm):m=2,4, p*,2p*
to the lemma: a,8,+a,, =((m-1)1) E{1(mod m):m=2,4,p*,2p

is a even, according

pisa

a

2
odd prime, p=1(mod4), m=p', then ((mT_llj j =-1(modm).

2
p=1(mod4), m=p", misa odd, then [(mT_l'j ] =1(modm).

When m>1 isaodd, according to (1):

m-1

1) =
i iz (m)
[ 1} = ('r’nj*l E(—l)wT(modm).
2 Jn

j=1
(',m

8. A Guess

After a lot of calculation and verification, the following conjecture is proposed:
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Let m>1, mzl(mod2), (k,m):l, o, =k or o, =m-k, make

m-1 _
then 2—5% %x(m 1) (modm).

If this conjecture is true, it will be an important characterization of the gener-

alized Combinatorial numbers.

9. Concluding Remarks

n n
According to (kj = (kj , we can know that the total generalized combinatorial

1
Number set is a larger number set than the original combinatorial number set,
which is a generalization of the original combinatorial number set? Of course,
the generalized combinatorial number is also a new number, for which there
must be many properties not yet understood, and some applications are still to

be discovered.
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